
University of the Witwatersrand
Physics IIE (Engineering) : PHYS284 - 2006

Course Co-ordinator : 1st Semester : Dr SH Connell

Wits Campus, Empire Road, Johannesburg Telephone : (011) 717-6848
PO WITS Direct : (011) 717-6826
South Africa Fax : (011) 717-6896
2050 e-mail : connell@src.wits.ac.za

The H-atom, Statistical Mechanics, Semiconductivity
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1. (a) Consider the radial wave equation for the hydrogenic atom:-
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Identify three types of energies for the terms collected in square brackets. (3)

(b) Hence explain that the magnitude of the orbital angular momentum is given by

|L| =
√

l(l + 1)h̄

(4)

(c) Unsöld’s theorem states that for any value of the orbital quantum number l, the
probability densities summed over all possible values of ml are angle independent.
Verify this for l = 2 by showing

Σ+l
ml=−l|Θl,ml

|2|Φml
|2 = const

using the attached table in figure 1 below of the normalised wave functions for the
hydrogen atom. (6)

(d) What is the physical meaning of this mathematical fact. (2)

(e) Which group of the periodic table contains elements demonstrating Unsöld’s theo-
rem. (2)

(f) How does the mathematical form of the probability density illuminate the properties
of these elements ? (2)
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(g) Show that the 2s electron has a greater probability than the 2p electron to be be-
tween the nucleus and one Bohr radius in a hydrogen atom. (6)

[25]

2. (a) Starting with the wave-functions for two identical non-interacting quantum particles,
show that the probability for two fermions to occupy the same quantum state is zero
and the probability for two bosons to occupy the same quantum state is enhanced.

(6)

(b) Use this result to state and explain the relative pressure exerted by similar gases of
classical molecules, bosons and fermions for the same temperature. (4)

(c) Sketch the Fermi-Dirac distribution

fFD(ǫ) =
1

e( ǫ−ǫF )/kT + 1

at 0K, low but finite temperature and at a high temperature. (4)

(c) Show that if the average occupancy of a state of energy ǫF + ∆ǫ is f1 at any tem-
perature, then the average occupancy of a state of energy ǫF − ∆ǫ is 1 − f1. (6)

[20]
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3. (a) The velocity of an electron in a band is the group velocity of the wave packet vg = dω
dk

.
The mass of the electron in the band is defined by Newton’s 2nd Law of motion :-
F = m∗ dv

dt
= dp

dt
= d(h̄k)

dt
. Show then that the effective mass of the electron in a

semiconductor is

m∗ =
h̄2

(

d2E
dk2

) .

(5)

(b) Make a statement with justification concerning the relationship of the

i. charge,

ii. energy,

iii. effective mass,

iv. and momentum

of the hole state in the valence band with respect to the electron state. (4)

(c) In a one-dimensional lattice, the energy of an electron in the valence band as a
function of its wave number, k, may be approximated by,

E = E0(a
2k2 −

a4

2π2
k4)

where E0 is a positive constant, and a is the lattice spacing. What is the effective
mass an electron at the top of the band ?
(Express your answer in terms of E0, a and h̄). (6)

[15]

Total Marks [60]
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Figure 1: Normalised wave functions of the hydrogen atom for n = 1, 2 and 3.

4


